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S U M M A RY
We develop a data-adaptive polarization ¢lter that can spectacularly reduce microseismic noise contamination in three-component broad-band seismograms. The ¢lter
uses a multitaper spectral analysis method for computing the data spectral density
matrix, which is de¢ned as an ensemble average of outer products of the spectrum and
its Hermitian adjoint. Under the assumption that strong noise in three-component,
broad-band seismograms is additive white noise, and that its spectral density can be
determined from seismogram segments without signals, that is, a pre-signal arrival time
window, we construct a data-adaptive ¢lter from a spectral density matrix that has been
decontaminated of noise. Since the noise corrupting the seismograms is complicated
and stochastic, the resulting residual due to the real, non-stationary nature of microseismic noise can leave small-amplitude, quasi-sinusoidal, background oscillations after
¢ltering. These oscillations can be removed by subsequent application of an optimum
Wiener ¢lter. Application of the ¢lter to synthetic data with real noise superimposed
suppresses the noise by about three orders of magnitude at the expense of less than 5 per
cent corruption of the original seismogram in amplitude. Application to several real
recordings of teleseismic earthquakes on a three-component broad-band seismic station
in Iceland shows that excellent signal-to-noise recovery is possible, rendering such data
usable for both arrival time and waveform analysis. This technique may potentially
increase by an order of magnitude the volume of usable data collected in seismic
experiments in noisy environments, for example, on oceanic islands.
Key words: data-adaptive ¢lter, microseismic noise, optimum ¢lter, polarization,
spectrum.

1

IN T ROD U C T I O N

When using broad-band seismic data, it is common practice
to apply a bandpass (e.g. Butterworth) ¢lter to attenuate lowand high-frequency noise to improve the signal-to-noise ratio.
However, this can be successful only for a few cases. In general,
background noise has a frequency band that overlaps with
that of the seismic signals. Superimposed on the background
noise is signal-generated noise. This is noise that is the result of
multiple re£ections and refractions of P and S body waves at
crustal interfaces and inhomogeneities, and local conversion of
body waves to surface waves.
Often it is di¤cult to give an objective mathematical
de¢nition of the characteristics of noise. In most instances,
the noise is in some sense a random and stochastic process.
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Considering patterns of particle motion, seismic signal polarization properties have been used to detect seismic signals in
noisy seismograms. Montalbetti & Kanasewich (1970) designed
a time-domain polarization ¢lter based on the measurement of
rectilinearity and the direction of particle motion from threecomponent teleseismic recordings using correlation techniques.
Their non-linear polarization ¢lter is useful for enhancing
P, pP, sP, S and Ps and other compressional or shear phases.
Unfortunately, this technique implicitly assumes that the
waveforms have essentially the same polarization over all or
most frequencies. In reality, seismograms are superpositions
of di¡erent types of waves and there is no guarantee that the
polarization or phase is constant in frequency. Samson (1977,
1983a,b) describes a method of estimating particle polarization
as a function of frequency. For processing multichannel
geophysical data, Samson & Olson (1981) have designed a
frequency-domain data-adaptive polarization ¢lter. This ¢lter
can be used to enhance the waveforms of pure-state data
of arbitrary shape and requires little prior knowledge of the
ß 2000 RAS
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spectral content or temporal features of the signal. However,
in the presence of strong background noise, this ¢lter is not
e¡ective in revealing seismic signals embedded in random
noise from three-component seismograms (Fig. 1). A detailed
analysis of frequency-dependent polarization was given by Park
et al. (1987) using three-component seismic data. By applying a
series of prolate, spheroidal functions as tapers, they developed
a multitaper spectral analysis method. The method is suitable
for the analysis of non-stationary processes such as seismic
waveforms. Recently, Reading (1996) reported a successful
application of the method in picking converted waves from
broad-band three-component seismograms collected in New
Zealand. Multitaper analysis not only enables well-constrained,
smoothed spectral estimation with very low variance, but also
provides excellent spectral leakage resistance.
In this paper, we incorporate the multitaper spectral method
of Park et al. (1987) into the algorithm for the estimation of
the spectral density matrix in order to derive a data-adaptive
polarization ¢lter. Samson (1983a,b) suggested an approach
for estimating the unknown background noise that can be used
to improve the polarization ¢lter of Samson & Olson (1981).
We assume that the noise in three-component seismograms is a
random, stationary process that has no correlation with the
signal, although the noise is anisotropic and has polarizations
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that mix with the signal at some frequencies. We derive a
data-adaptive ¢lter using a spectral matrix that has been
`cleaned' of the noise using the approach of Samson (1983a,b).
By processing three-component seismic data, we illustrate the
procedure whereby such a data-adaptive polarization ¢lter can
be constructed. As a test, a synthetic data example is shown. A
number of examples of the extraction of seismic signals from
noisy data recorded in Iceland are also given.

2

MET HOD

According to Samson & Olson (1981), a polarization ¢lter can
be expressed analytically as
y(t)~

1
2nT

?
{?

Pg (u)z(u) exp (iut) du ,

(1)

where the exponent g is a positive number that can be
increased to enhance the rejection of unpolarized noise. z(u) is
the spectral representation of x(t), the data vector of the timeseries. Suppose we have three-component seismograms of the
form
x(t)~(x(1) (t), x(2) (t), x(3) (t)) ,
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Figure 1. The use of data-adaptive polarization ¢lters suggested by Samson & Olson (1981) to ¢lter three-component seismograms of the
Southern Xinjiang earthquake, China, *~55:60, Ms ~5:8, recorded at station HOT06 in Iceland. The top three traces are three-component broadband seismograms in the order Z, N and E. The bottom three seismograms have been ¢ltered with a sliding polarization ¢lter, with length 65 s
[l~6 and g~6; l was de¢ned by Samson & Olson (1981)ösee the Appendix for an explanation]. The seismograms are not corrected for instrument
response, and so the peak-to-peak amplitude is given in arbitrary units related to the voltage output of the seismometer (`digital counts').
ß 2000 RAS, GJI 141, 820^828

822

Z. Du, G. R. Foulger and W. Mao

where x(1) (t) is the vertical component, positive upwards,
and the coordinate system is right-handed. In eq. (1), P(u) has
a value of 0¦P¦1 and is the estimation of the degree of
polarization,
P~

n(TrS2 ){(TrS)2
,
(n{1)(TrS)2

(3)

where S is the spectral density matrix and Tr denotes the trace.
It is clear that P(u) is rotationally invariant. If S~pI, where I
for the three-component seismic data is the 3|3 identity matrix,
and p is real and non-negative, then P~0. This represents the
most random or unpolarized state.
We wish to estimate S(u)~Efz(u)z{ (u)g, where E denotes
the expectation operator and { denotes the Hermitian adjoint,
directly from the time-series x(t). For a chosen frequency band
of non-trivial width 2W , we use a set of K prolate spheroidal
wavefunctions (i.e. eigentapers) wk (N, W ), k~0, 1, . . . , K{1
(Park et al. 1987):
S(u)~

1
M{ (u) . M(u) ,
K

(4)

z~avze ,

where

M(u)~
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0 (u)
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,

(5)

where
{1

z(u)~(2n)

N{1
X
t~0

wkt (N,

W )x(t) exp ({iut) .

(6)

3
X
j~1

jj uj u{j ,

(7)

where the jj are the eigenvalues of S and uj are the eigenvectors. If S has only one non-zero eigenvalue at u (i.e. j1 =0,
j2 ~, j3 ~0), then
S~j1 u1 u{1 .

(8)

(9)

where a is a frequency-dependent complex scalar. v remains
constant and denotes the direction of the signal polarization,
and e is the noise spectrum. The physics behind eq. (9) assumes
that seismic signal is in the pure state, but seismic recordings
also contain white noise.
If e represents additive random noise, which has no
correlation with the signal, the spectral density matrix S can be
rewritten as
S~Efa2 gvv{ zEfee{ g .

The single-taper estimation of S used by Samson &
Olson (1981) has a relatively large variance, increasing as a
larger fraction of the data is discarded where cosine or boxcar
tapers were used. To counteract this, Samson & Olson (1981)
smoothed their single tapers by applying a moving average to
S. This reduces the variance but results in a short-range loss
of frequency resolution and therefore an increase in bias in
the estimation of S. The shorter the time-series, the greater the
bias in the estimation of S.
In eq. (6) the data are multiplied by several leakage-resistant
tapers (Park et al. 1987). This yields several tapered timeseries from one record. z(u) is formed by summing several
`eigenspectra' from a Fourier transform of each of these timeseries. Therefore, S has a very smooth spectrum, which is
the sum of the eigenspectra of the three components of motion
(see eq. 4).
The matrix S is a non-negative Hermitian matrix that can be
expanded in the form (Samson & Olson 1981)
S~

This represents the completely polarized, or pure, state. From
eq. (3), for the pure state, P has a maximum value of P~1. Note
that since u1 has complex components, this representation also
allows for the analysis of elliptically polarized waves.
In the presence of strong background noise, a pure-state
polarization may not be seen at any frequency nor be expected
at some frequencies. Study of the degree of polarization using
eq. (7) shows that when the eigenvector associated with the
largest eigenvalue does not point in the direction of the signal
polarization, the polarization ¢lter (eq. 1) loses its ability to
discriminate between the pure state and noise. The reason
for this failure is that the noise may assume large values of P
(given by eq. 3), even in a window prior to the arrival of the
signal where only polarized noise is present. In order to isolate
signal frequencies embedded in a spectrum of random white
noise, an e¡ective determination of S is required, so that P
selectively enhances only the polarized seismic signals.
A general model for z, the spectral representation of the
observation x(t), in the presence of noise, according to Samson
(1983a), can be written as

(10)

On the right-hand side of eq. (10), the ¢rst term is the optimal
estimation of the pure state described by eq. (8), and the second
term is the noise spectral density matrix,
N(u)~Efe(u)e{ (u)g ,

(11)

where N(u) is a non-singular Hermitian matrix. The determination of N(u) is di¤cult since almost nothing is known
about e. However, if a theoretical model of N(u) is available,
similar procedures as are used to whiten noise can be applied to
`clean' S(u). Following Samson (1983a), we reconstruct S(u)
by N{1=2 (u)z(u) instead of using z(u). We obtain
A(u)~N{1=2 (u)S(u)N{1=2 (u) .

(12)

From eq. (10), we ¢nd that A satis¢es P(A)~0 (eq. 3) if
only noise is present (S~ee{ ), and P(A)~1 if S~fa2 gvv{
[i.e. A~(N{1=2 v)(v{ N{1=2)].
In general, the spectra of P(S) and P(A) are di¡erent,
although they have the same extremes as described above.
This is because
TrS(u)~Efz(u)z{ (u)g ,

(13)

but
TrA(u)~Efz{ (u)N{1 (u)z(u)g .

(14)

In this way, the spectrum of P(A) is constructed, which has
dominant signal power for the polarized signals.
ß 2000 RAS, GJI 141, 820^828
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Figure 2. The use of data-adaptive polarization ¢lters to extract synthetic seismic signals from real microseismic noise. Top pair of traces: synthetic
radial and vertical seismograms generated by a point double-couple source 250 away. The synthetic seismograms are scaled to a moment of
M0 ~6:5|1023 N m. Second pair of traces: the seismograms have been corrupted by sequentially adding real microseismic noise taken from a
pre-signal window 200 s long prior to an Ms~6:0 teleseismic event at an epicentral distance of *~590. Third pair of traces: seismic signals extracted
from the second pair of traces using the data-adaptive polarization ¢ltering. Bottom pair of traces: the original minus the recovered seismograms
(top pair of traces minus third pair). Numbers indicate maximum peak-to-peak amplitude on each trace. Note the di¡erent scales used. The lengths of
the sliding and noise windows are 150 s, K~4 and g~6. The dotted lines indicate the noise window.

3

DATA E XA M PL E S

In analysing the data presented in the examples given here, we
used a discrete representation of eq. (1). Also, for a long data
series, sliding-window ¢lters have to be used. The procedures
for discretization are discussed in detail in the Appendix. In
practice, three-component seismograms can be ¢ltered ¢rst
to extract the linearly polarized waves (e.g. P, S and their
reverberations pP, sP and Ps etc.), then ¢ltered to enhance
waves of speci¢c polarization (e.g. Love wave) and to extract
elliptically polarized waves (e.g. Rayleigh wave) by moving the
sliding window down along the traces.
3.1

Synthetic data

Fig. 2 shows the application of data-adaptive polarization
¢ltering to synthetic signals embedded in real noise. The
seismograms were calculated for a continental-type, layered
structure using the modal summation technique (Panza 1985),
with an upper frequency of 1.0 Hz (upper two traces). The
noise is taken from a pre-signal 200-s-long time window prior
to a teleseismic event (Ms ~6:0, *~69:40) (Fig. 3) recorded
by the broad-band station HOT06, located in the northwest
ß 2000 RAS, GJI 141, 820^828

fjords, Iceland, operated as part of the Iceland Hotspot
Project (e.g. Du & Foulger 1999). The second two traces of
Fig. 2 show the seismograms, which have been contaminated
by sequentially adding the noise to the top two traces. The third
pair of traces of Fig. 2 show the seismograms recovered by
applying the ¢lters to the seismograms shown in the middle
two traces. The di¡erences between the original and recovered
seismograms are shown in the bottom two traces.
Comparing the second two traces to the third pair shows
that an excellent signal enhancement is achieved. The noise has
been reduced by over three orders of magnitude. The distortion
of the original seismogram is less than 5 per cent in amplitude,
as shown in the bottom two traces, which illustrate the di¡erences between the original and the recovered seismograms. The
amplitude changes most probably arise because the ¢lter gain
is time- and frequency-dependent. The signal-generated noise,
the least polarized waves, has also been removed. However,
¢ltering inevitably distorts the signal. For example, wave
polarities and onset times can be quite severely a¡ected by
the ¢lter properties of seismic recording systems (Scherbaum
1996). Our retrieval of ground motion from digital seismograms is based on the hopeful assumption at the practical
level that we can recover the signal by applying additional
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Figure 3. Top three traces are three-component broad-band seismograms in the order Z, N and E for the event of 97195001 in the Kuril Islands,
Ms ~6:0 and *~69:40, recorded at station HOT06 in Iceland. The bottom three traces have been ¢ltered with a sliding polarization ¢lter (lengths of
sliding and noise windows~150 s, K~4 and g~4). The dotted lines indicate the noise window. The peak-to-peak amplitude is given in arbitrary units
as in Fig. 1

`appropriate' ¢ltering. In fact, seismic signals are not bandlimited. At the very least, the less ¢ltering that is applied to
extract signals the better the signals are preserved. In view of
these inevitable real signal distortions, the di¡erences between
the ¢ltered and `real' seismograms shown in Fig. 2 are really
very small. Nevertheless, the wave polarities and onsets can
be con¢dently identi¢ed in the data after ¢ltering, whereas
this was not possible before ¢ltering nor using other causal or
optimum ¢lters.
In practice we used a sliding window 150 s long, and the
noise spectral density matrix, N(u), was computed from a presignal time window of the same length as the sliding window, in
the time interval 20^170 s. The ¢lter parameters, K (the total
number of prolate spheroidal eigentapers) and g (a positive
number used to enhance the rejection of unpolarized noise;
see Samson & Olson 1981), were 4 and 6 respectively.
3.2

Real data

During the two-year period 1996^1998, a 35-station network
of broad-band seismic stations was operated over the whole of
Iceland as part of the Iceland Hotspot Project (e.g. Du &
Foulger 1999). The objective of the network deployment was to
collect a large set of seismic recordings with which to study the
structure of the crust and upper mantle beneath the Iceland
hotspot. More than 2400 Ms §5:5 events that occurred worldwide were recorded. However, the oceanic location of Iceland
means that oceanic microseismic noise is strong on the seismo-

grams, and we embarked upon the present noise-reduction
study in order to increase the amount of data usable from this
massive data set. We illustrate the e¤cacy of the ¢lter for processing three-component broad-band data using the following
two examples. Fig. 3 shows a relatively high-quality earthquake, recorded at station HOT06 in Iceland, in the Kuril
islands, 1997 July 14, Ms ~6:0. The epicentral distance was
*~69:40. In applying the ¢lter we used a 150-s-long sliding
window, and selected a noise window prior to the arrival of the
signal, in the time interval 20^170 s. The ¢lter parameters used
were K~4 and g~4.
The second data example used (Fig. 4) is the threecomponent seismograms recorded for the event of 1997
April 15 in the Southern Xinjiang, China, *~55:60, Ms ~5:8,
recorded at station HOT06. These seismograms are typical
of noisy recordings. The ¢lter parameters used for this event
were K~6 and g~6, and the length of the sliding window was
65 s. The noise window was 130 s. Compared to Fig. 1, which
shows the application of the ¢lter of Samson & Olson (1981)
to the same data, the ¢lter used here demonstrates far better
signal-enhancing ability for suppressing noise.
Since the noise corrupting the seismograms is a complicated stochastic process, our assumption that the process is
stationary can only be regarded as a ¢rst-order approximation.
We have found that the length of the pre-signal noise window
must be 1^3 times that of the sliding window. In order to
characterize better the noise spectrum for very non-stationary,
noisy data, it is necessary to use an even longer noise window.
ß 2000 RAS, GJI 141, 820^828
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Figure 4. Top three traces are three-component broad-band seismograms in the order Z, N and E for the same event as shown in Fig. 1. The middle
three traces have been ¢ltered with a sliding polarization ¢lter (length of sliding window~65 s, length of noise window~130 s, K~6 and g~6). The
dotted lines indicate the noise window. The bottom three traces are the results of the optimum ¢ltering. The predominant period of the noise is
assumed to be 6 s.

The e¡ective length of the sliding window is data-dependent
and is related to the length of the signal. More trials may
be needed before an optimal length is found, if the signal is
obscured by very strong noise. The polarization ¢lter enhances
any wavelet that shows some polarization, even if the wavelet
is linearly polarized with all the power in one channel. If a
longer sliding window is used, a problem may arise in that
anisotropic noise may be highly polarized over several narrow
frequency bands where signal polarization is present. This can
consequently increase the di¤culties in detecting the signal.
The safest procedure is to start with a long sliding window and
then gradually decrease its length. In practice, it is usually not
di¤cult to ¢nd an optimal length for the sliding window that
enables the ¢lter to adapt to the di¡erent frequency contents of
the polarized signals.

3.3

Further reducing noise with the optimum ¢lter

Figs 5 and 6 are two additional data examples. Although
the signals are clearly visible after polarization ¢ltering, the
onsets and ¢rst motions are nevertheless still di¤cult to pick
con¢dently. Note in particular the small-amplitude, quasisinusoidal oscillations that occur for the duration of the
records. These oscillations obscure the wave onsets. The use
ß 2000 RAS, GJI 141, 820^828

of causal ¢lters to reduce the noise further may distort the
polarity onsets (Douglas 1997). To suppress the noise further
we therefore apply an optimum ¢lter, that is, an extended
version of the optimum Wiener ¢lter, as suggested by Douglas
(1997). We construct a noise model with the dominant period
the same as that of the main noise component, that is, the
autocorrelation computed for a pure sinusoid, and we construct a signal model using the autocorrelation function of
the impulse response of our recording system. As shown in the
bottom three traces of Figs 5 and 6, the optimum ¢lter removes
the quasi-sinusoidal noise, as it is designed to do, but preserves the main features of the signals. The bottom three traces
of Fig. 4 shows the results of applying optimum ¢ltering to its
middle three traces.

4

D I S CUS SI O N A N D C O NC LUS I O N S

The examples shown above indicate the e¤ciency of the polarization ¢ltering, which can be used to extract useful signals
from seismograms that are so noisy they would be unusable
otherwise. The polarization ¢lter can be used to enhance
selectively seismic waveforms of arbitrary shapes. Even some
impulsive wavelets with discontinuities can be successfully
¢ltered with little distortion, since the ¢lter is data adaptive
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Figure 5. Same as Fig. 4 except for the event of 97128001, in the border region of India and Bangladesh, Ms ~5:7 and *~74:20. The middle three
traces have been ¢ltered with a sliding polarization ¢lter (length of sliding window~150 s, length of noise window~150 s, K~4 and g~6). The
bottom three traces are the results of the optimum ¢ltering. The predominant period of the noise is assumed to be 5 s.

and the seismic signal does not need to be narrow band. The
polarization ¢lter is computationally very e¤cient because it
relies on the scalar invariants of the spectral matrix. We only
need to compute an inverse matrix (see eq. 14) at the beginning
of each application. There is no requirement for large amounts
of computer storage because we segment the seismograms
into overlapping sliding windows. To ¢lter three-component
seismograms with 3|18 000 points takes no more than 15^20 s.
The design of a data-adaptive polarization ¢lter requires the
noise to be de¢ned by parameters that allow some means of
separating the noise from the signal. In this paper, we consider
three-component broad-band seismograms where we de¢ne
noise as additive random noise, and assume that its spectral
properties can be determined from the part of the seismograms where signals are apparently absent. Although some of
the data show quasi-sinusoidal wave trains after polarization
¢ltering, this can be remedied by applying another optimum
(Wiener) ¢lter (Douglas 1997).
Non-stationary noise is responsible for the quasi-sinusoidal
oscillations in the polarization-¢ltered data. The sample
biases in ¢lter parameters, which were determined from a
¢nite number of samples, may also cause such oscillations, as
discussed by Samson (1983b). Samson (1983b) has suggested
using asymptotic expansions to correct for sample biases. We
did not ¢nd, however, that asymptotic correction signi¢cantly
improves the ¢nal results.

We are currently using the method described in this paper
for processing the data of the Iceland Hotspot Project. Since
polarization ¢ltering can preserve better signal polarities and
onsets with trivial amplitude distortions, we are also extending
the method to seismic source spectrum studies. One area where
polarization ¢ltering is particularly useful for us is in ¢ltering
waveforms (S and Rayleigh waves) to improve them for use in
waveform tomography (e.g. Du & Panza 1999) to determine
the structure of the upper mantle beneath Iceland. Application
of the method can be extended further for processing other
kinds of geophysical data (e.g. seismic exploration and geomagnetic data) to recover signals from strong background
noise.
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Figure 6. Same as Fig. 4 except for the event 97095002, in the Southern Xinjiang, China, Ms ~5:6 and *~570. The middle three traces have been
¢ltered with a sliding polarization ¢lter (length of sliding window~100 s, length of noise window~300 s, K~4 and g~6). The bottom three traces
are the results of the optimum ¢ltering. The predominant period of the noise is assumed to be 5 s.
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A PPE N D I X A : T H E D I S C R ET E
R E PR E S E N TAT I O N OF T H E
P OL A R IZ AT I O N F I LT E R
According to Samson and Olson (1981), the discrete
representation of eq. (1) can be written as
y(l)~

X
1 N{1
z( j)Pg ( j) exp (2nijl/N) ,
N j~0

(A1)

where l~0, 1, . . . , N{1 and N is the number of points in the
individual time-series or the ¢lter length if a one-step ¢lter is
preferred.
In practice, the use of a sliding ¢lter is more attractive. If we
segment x(t) into overlapping windows and ¢lter it section by
section, the relationship between the windowed data xs (t) and
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x(t) is
xs (l)~x[lz(s{1)(n{mz1)] ,

(A2)

where l~0, 1, . . . , n{1. n is the length of the window
and m gives the amount of window overlap. s~1, 2, . . . ,
(n{1)z(s{1)(n{mz1)¦N. N is the length of the time-series
x(t). The ¢ltered ys (l) is given by
ys (l)~

n{1
1X
zs ( j)Psg ( j) exp (2nijl/n) ,
n j~0

(A3)

where
zs ( j)~

n{1
X
j~0

wkj (n, W )xs (l) exp ({2nijl/n)

(A4)

j~0

y[lz(s{1)(n{mz1)]~ys (l) .

(A6)

The amount of overlap M depends on the rate of change of Psg
and the e¡ective width of 2W, which relates to the parameter K
(K~nW gives the time-bandwidth of the prolate taper that
concentrates spectral energy in frequency bands of width 2W).
According to Samson & Olson (1981), a truncation point nt can
be approximated by the criterion
, (n{1)=2
nt
X
X
ju(l)j
ju(l)j~0:8 ,
(A7)
l~0

l~0

where

and
n{1
X

(Park et al. 1987). The spectral smoothing parameter, l, used
by Samson & Olson (1981) as the number of degrees of freedom
in spectral estimation, is replaced here by K.
The ¢ltered data, y(l), are given by

jwkj (n, W )j2 ~1 .

(A5)

The optimal K value for wk (n, W ) depends on the concentration of spectral energy in the frequency band 2W ~2K/n.
Since higher-order tapers have weak leakage resistance and the
spectral information discarded by the ¢rst two tapers can be
retrieved by a few later tapers, a value of K~3{6 can be used

(n=2{1)
K X
u(l)~PEg d0l z(1{PEg ) . p
exp [{n/2(l/N{m)2 K 2 ] ,
2n m~1

(A8)
where PE is the expectation of Ps . Samson & Olson (1981) built
the PE as a function of l (see Fig. 1 in Samson & Olson 1981).
The relationship between PE and K can be obtained by analogy
with Samson & Olson (1981).
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